FUBINI-GRIFFITHS-HARRIS RIGIDITY OF HOMOGENEOUS 

VARIETIES 



J.M. LANDSBERG & C. ROBLES 

Abstract. Upper bounds on projective rigidity of each homogeneously embedded 
homogeneous variety are determined; and a new, invariant characterization of the 
Fubini forms is given. 



1. Introduction 

1.1. History. The study of the projective rigidity of homogeneous varieties dates 
back to Monge; he proved that conies in the plane are characterized by a fifth-order 
ODE. Fubini [3] then showed that the higher dimensional smooth quadric hyper- 
surfaces are characterized by a third-order system of PDE; we say these quadric 
hypersurfaces are (Fubini- Griffiths-Harris) rigid at order three (cf. Definition 2.20). 
Later, Griffiths and Harris [4] conjectured that the Segre variety Seg(P 2 x P 2 ) c P 8 
could be characterized by a second-order system of PDE; that is, the Segre variety 
is rigid at order two. This was shown to be the case in [12]; indeed, any irreducible, 
rank two, compact Hermitian symmetric space (CHSS) in its minimal homogeneous 
embedding (except for the quadric hypersurface) is rigid at order two [8]. Hwang 
and Yamaguchi [5] then solved the rigidity problem for all homogeneously embedded 
irreducible CHSS: excluding P m and the quadric hypersurface, any irreducible, homo- 
geneously embedded compact Hermitian symmetric space with osculating sequence 
of length / is rigid at order /. (The length of the osculating filtration associated to 
a CHSS in its minimal homogeneous embedding is equal to its rank.) 

Prior to [5] the rigidity arguments all used standard exterior differential systems 
(EDS) machinery. In [5] Hwang and Yamaguchi observed that (partial) vanishing of 
a Lie algebra cohomology group implies rigidity. Results of Kostant [7] reduce the 
computation of the Lie algebra cohomology to Weyl group combinatorics. Because 
Lie algebra cohomology appears in the analysis of the EDS associated to the rigidity 
problem only in the case that G/P is CHSS, it seemed that the approach of Hwang 
and Yamaguchi did not extend to the general case. 
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1.2. Extending Hwang and Yamaguchi. This paper is a sequel to [10]. The 
two articles complete a project to extend the approach of Hwang and Yamaguchi to 
general G/P^ FV. 

The geometry and representation theory of G/P PV^ each determine nitrations 
of V . The nitrations coincide only when G/P is CHSS. Both nitrations give rise to 
families of exterior differential systems: the Fubini systems, which determine the order 
of rigidity, are induced by the geometric filtration; the Lie algebra graded systems, 
introduced in [10], are determined by the representation theoretic filtration. The two 
EDS agree precisely when the nitrations agree: only when G/P is CHSS. 

In [10], we took the representation-theoretic filtration as our starting point. How- 
ever, it still was not clear how to apply Kostant's machinery as the differential system 
associated to the filtration does not lead to Lie algebra cohomology. This second dif- 
ficulty was overcome by introducing a new type of exterior differential system, which 
we called a filtered EDS. These systems can be defined on any manifold X equipped 
with a filtration of the cotangent bundle, cf. Definition 4.7. Analysis of the filtered 
EDS does lead to Lie algebra cohomology, and we applied Kostant's results to study 
the rigidity of filtered systems. 

The filtered systems are easily related to the system associated to the representation 
theoretic filtration, but the connection with the original Fubini systems was unclear in 
general. (In any given case, one could determine the relation by brute computation, 
and we did so for adjoint varieties in [10].) In this paper we introduce the graded 
Fubini system, which is a classical EDS. The grading is induced by the representation 
theory, and is akin the 'weighting' of variables in CR-geometry; see, for example, [1, 
pp. 229]. Integral manifolds of the graded Fubini system are integral manifolds of a 
filtered system. The rigidity results of [10] then yield our main result (Theorem 3.7). 

1.3. Rigidity of homogeneous varieties. Our main result (Theorem 3.7) is a pre- 
cise rigidity statement in terms of the graded Fubini system. It implies the following 
general Fubini rigidity statement for arbitrary G/P ^ FV. 

Theorem 1.1 (Corollary to Theorem 3.7). Let G be a complex semi-simple Lie group 
with irreducible representation V of highest weight it. Let G/P "-^ FV be a homoge- 
neous embedding, and E the grading element associated to P. Set q = 7r(E) + 7r*(E) ; 
with n* the highest weight ofV*. 

(a) If no factor of G/P corresponds to a quadric hypersurface or A r /Pj, with 1 or 
r in J, then G / P <—} FV is Fubini- Griffiths-Harris rigid at order q. 

(b) If no factor of G/P corresponds to A r /P 3 , with 1 or r in J, then G/P ^ FV is 
Fubini- Griffiths-Harris rigid at order q+ 1. 

Remark. Fubini-Griffiths-Harris rigidity is defined in Definition 2.20, and the grading 
element is defined in Section 3.1. 

Example (Maximal parabolic). The values of q in the case that n = ti± is a funda- 
mental weight are listed in Table 1. (Here J = {i}.) 
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Table 1. Values of q for G/P t C FV Wi . 



G 




B r 






i 


1 < i < r 


i < r 


r 


i < r 


r 


i < r - 1 


r — 1, r 


q 


min{i, r + 1 — i} 


2i 


r 


2i 


r 


2i 


Lr/2j 



G 


P 6 


#7 


i 


1,6 


2 


3,5 


4 


1 


2 


3 


4 


5 


6 


7 


q 


2 


4 


6 


12 


4 


7 


12 


24 


15 


8 


3 



G 


E$ 


P 4 


G 2 


i 


1 


2 


3 


4 


5 


6 


7 


8 


1,4 


2,3 


1,2 


q 


8 


16 


28 


60 


40 


24 


12 


4 


4 


12 


4 



Example (Flag varieties). The subgroup P is Borel (and J = {1, . . . , r}) when 7r is the 
sum p = 7Ti + • • • + 7r r of the fundamental weights, r = rank(G). The corresponding 
values of q = 2p(E) are listed in Table 2. 



Table 2. Values of q for G/B C PV P . 



G 




P r 




D r 


q 


r(r + l)(r + 2)/6 


r(r + l)(4r - l)/6 


r(r + l)(4r - l)/6 


r(r - l)(2r- l)/3 



G 


i?6 


£7 


E 8 


P 4 


G 2 


q 


156 


399 


1240 


110 


16 



In the case that G/P is not CHSS, Theorem 3.7 is stronger than Theorem 1.1. The 
grading element allows one to refine the osculating sequence, and we require only 
partial (graded) agreement of the differential invariants up to order q (or q+ 1). 

1.4. Differential geometry of G/P c — >■ PV. Our colleagues in algebraic geometry 
have often asked us for a representation-theoretic description of the Fubini forms for 
homogeneous varieties G/P ^ FV. Proposition 5.2, which generalizes the invariant 
description [13, Proposition 2.3] of the fundamental forms to Fubini forms, provides 
this characterization. 

Acknowledgements. We thank the anonymous referees for their careful readings 
and ameliorating feedback. 
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2. FUBINI FORMS 

Given ^ v G V, let [i>] G PV denote the corresponding line. Given any set 
S C FV, let S denote the corresponding cone in V\{0}. Fix the following index 
ranges 

0< i,j < n = dimV , 
1 < a, (3 < m — dimX , 
l + m</i, v < n . 

2.1. Fubini forms in frames. We review the computation of Fubini forms via mov- 
ing frames briefly here; see [9, §2] or [15] for details. Section 5.1 presents another 
interpretation of the Fubini forms. 

Let X C FV be the general points of a projective variety. Given x G X, let 
T X X C V be the linear space tangent to X at y G x. (The definition of T X X does not 
depend on our choice of y.) Let 

T X X = {T X X/L X )®L* X and N X X = {V/T X X)®L* X 

respectively denote the tangent and normal spaces at x. To the filtration 

(2.1) L x := x C f x X C V 

we associate the bundle Tx of first-order adapted frames over X: this is the set of 
bases v = (i>o, . . . , v n ) of V such that v G L x , with x G X a general point, and 

(2.2) TLX = span{v , . . . ,v m } . 

Given a frame v G Tx over x G X, the tangent space T X X is spanned by the 
w Q := (v a mod L x ) ® t> °; let {v a }™ =1 denote the dual basis of the cotangent space, 
and v ai "' ak G Sym fc T^X the symmetric product v ai ---v ak . Similarly, the normal 
spaces N X X is spanned by ^ := (v a mod T X X) ® v°. So the k-th Fubini form 
F* G (N X X) <g> (Sym fc at v may be expressed as 

The coefficients r^.. : J 7 ^ — >■ C are obtained as follows. 

Remark 2.3. Fixing a frame v G Tx we m ay identify the Lie group GL(V) with the 
set of all ordered-bases (frames) v = (v , . . . ,v n ) of V. The identification maps 

g G GL(V) i-)- v = g-y. 

Given u = (u , . . . , u n ) G GL(V), let v* = (v°, . . . , v n ) denote the dual basis of V*. 
Let u G Q 1 (GL(V),gl(V)) denote the 0[(F)-valued Maurer-Cartan form on GL(V). 
Define 1-forms u) G Q l (GL(V)) at u by 

u v =: u)jVi®v j . 
The Maurer-Cartan form satisfies the Maurer-Cartan equation 
(2.4) did = -\[<jJ,uj} or duj = —uo\ A . 
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Equation (2.2) implies 
(2.5) u% = on F x - 

An application of (2.4) to (2.5) yields = u£ A Uq . By Cartan's Lemma [6, Lemma 
A. 1.9] there exist functions r^g = r^ a on J 7 ^ such that 

(2-6) < = r>£. 

The functions are the coefficients of the second Fubini form. 

Given two tensors Tp x _p k and Up k+1 ,„p k+e , let Sk+e denote the symmetric group on 
k + £ letters. Let 

T{p l ...p k Up k+l ...p k+t ) = 7^ - ^ ^ ^a(/3 1 )...<7(/3 fc ) f/ ^(/9fc+i)-^(/9fe+^) 

denote the symmetrization of their product. For example, T^pJJp^ = ^{TpJJp 2 + 
Tp 2 Up 1 )- We exclude from the symmetrization operation any index that is outside the 
parentheses. For example, in ^ i u/g ^ we symmetrize over only the excluding 
the a index. 

Proposition 2.7 ([15]). Let X C be a complex submanifold and let x G X . Set 

= 0. Assume k > 1. TTie coefficients r^.^p of F k+1 , fully symmetric in their 
lower indices, are defined by 

r^... ak p4 = -dr^-^-l)^^-^^ 
( 2 - 8 ) + k {(k-2)r? ai ... ak _y ak) + r? (a ,.. afc _ 1 < ) } 

~~ ^ (j) { r /?(ai-a 3 , r Qj+i-Q fc ) ^ + ~~ l ) r ( ai ... aj r a j+1 ...a k ) u l } ■ 
J'=l 

when k > 1. 

Example. The coefficients of the third Fubini form F 3 are given by 
(2-9) = -dr^ - r% c ° - u£ + < £ w « + r% uf a . 

2.2. The osculating filtration and the bundle T x . The filtration (2.1) may be 
refined to the osculating filtration 

(2.10) L x := x C f x X C fL (2) X C ••• C fJ e) X = V. 

By definition, the linear space T^X is spanned by the derivatives y^(0), of order 
j < /c, of smooth curves y(t) in X with y(0) G £. Let F l x C .Fx be the sub-bundle 
of frames adapted to the filtration (2.10). We assume, without loss of generality that 
the fixed frame v of Remark 2.3 lies in T x . 
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2.3. On G/P c — >■ PV. Let G be a complex semi-simple Lie group with Lie algebra 
0- 

Fix a choice of Borel subalgebra b C g with Cartan subalgebra b, C b. 

Let {ir i, . . . ,7r r } C b,* be the fundamental weights of g. The parabolic subalgebras 
(containing b) are in bijection with subsets J C {1, . . . , r}. The maximal parabolics 
are given by | J| = 1, the choice of a single fundamental weight; the minimal parabolic 
b is given by J = {1, . . . , r}. 

Let V be an irreducible G- module of highest weight n G f)*, and let 7^ v G V be 
a highest weight vector. The rational homogeneous variety G ■ [vo] = Z C PV is the 
unique closed G-orbit in PV. The stabilizer of the highest weight line 

o := [v ] G Z 

is a parabolic subgroup P G G, and Z ~ G/P. The subset J associated to P is 
defined by n = Yl^ejP^ ^j' with p j > 0. The variety Z is the homogeneous embedding 
of G/P into PV. 

Given a fixed frame v G J-z, there is a natural embedding of G into J 7 ^ as 

g := G-m C J= z . 
Note that T G Z ~ g/p as a p-module. More generally, if 

z = g-o, 

then T Z Z ~ 0/Ad s (p) as an Ad 9 (p)-module. 

The parabolic algebra p, and our choice of Cartan and Borel subalgebras b, C b C p, 
determines a decomposition 

(2.11) = 0+ © 0o © 0- with p = 0> o ; 

where 0o is a reductive subalgebra, and q± are nilpotent subalgebras. (See also §3.1.) 
Moreover, g± are o -modules, and 0_* ~ + (under the Killing form). As a O - 
module, T Q Z ~ 0_. More generally, 

(2.12) T Z Z ~ Ad 3 ( _) and T* Z Z ~ Ad,( 0+ ) 
as Ad 9 (0 o )-modules. In particular, 

(2.13) Sym fe T 2 Z ~ Sym fc Ad 9 ( _) ~ f/ fc (Ad s (0,)) ~ Ad 9 f/ fe (0_) C U k {g) 

as Ad 3 (0 O )-modules; the identification (*) is by the Poincare-Birkoff-Witt Theorem. 
We denote the Lie algebra action on a G- module by a lower dot: given (eg and 
w G V, we write (.w. 

The action of on V induces actions of the universal enveloping algebra U (0) on 
V, its dual V* and gl(V) = End(V) = V ®V*. The action on gl(V) restricts to the 
adjoint action on C fll(V). Given u G U(g), define a 1-form u.lj G ^(Q^) by 

(u.u;)(0 := u.(o;(0) for all £ G T£? . 
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Alternatively, 



u.u},, 



= ujj u.(vi ® v j ) = Uj ((u.Vi) ® v j + Vi ® (u.-y- 7 )) . 
Define 1 -forms (u.w)* G at t> G £ by 

(u.u;)„ =: (u.oj) l j v i <S>v j . 
Every A*-Uj ® d 3 £ 5 C 0t(^O satisfies A(J = 0. In particular, 
(2.14) (u.w)£ = 0. 

The fact that Ad 9 (p) preserves the line through t> = g-vo implies that (2.14) is trivial 
when u G C/(Ad ff (p)). When u G C/(Ad 9 (g_)), Lemma 2.15 asserts that (2.14) is the 
equations (2.6) and (2.8) defining the coefficients of the Fubini form at v — g • v G Q. 

Lemma 2.15 (Key observation). Let V be an irreducible module for the reductive 
group G. Given g G G, letz = g- o<EZ~G/P and v — g ■ v G Q. The equations 
(2.6) and (2.8) defining the coefficients of the (k+l)-st order Fubini form of Z ~ G/P 
at v are = (u.w)ft with u G £/ fc (Ad 9 (g_)) ~ Sym fc T z Z. 

Remark. The expression (2.8) defining the coefficients of the Fubini forms simplifies 
substantially on Q; see (5.3). 

Note that the identification £/ fc ( Ad 9 (fl-)) ~ Sym k T z Z is (2.13). The lemma is proven 
below. First we illustrate the computation at v G Q. Refine the indices {/i} = 
{/x 2 , • • • , /^} to respect the filtration (2.10). On J 7 ! 

w £fc = V fc > 2 , and c^ fe = V fc - j > 1 . 

Fix a basis Mi, . . . , u m of g_ C 0l(V). Without loss of generality, we may suppose 
that v was selected so that v Q = u a .v , and v G The latter implies 

Q c 

Example. Fix A = u a , B = up , C = w 7 G 0-. Using the inclusion g„ C gl(V), write 
A* by A = A* Vi (g) v J ' G Note that 

Al = Si and {ABYJ = A^ = B*> = (BA)j» . 
Write oj = Vj ® v- 7 . Then 

(A.u,)£ 2 = u; £ Af - up. 
Thus (A.w)(; 2 = is (2.6) and 

(2.16) r% = A^ 2 = ^ = (A5)£ 2 = (BAf \ 
Next, 

(^)£ 3 = - ^ 2 3 ^^o 



+ (Sf A* + A^ £ 2 - A%r%)u,Z 
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are the equations of (2.9), and 

= r % = A? B{ C k = (ABC)? . 

r W — RM2 A£ I A£ r V2 _ AfJ.2 -"2 

Proof of Lemma 2.15. The equations (2.8) are obtained inductively. The proof of the 
lemma is based on this iterated construction, so we briefly review the procedure; 
details may be found in [15]. Let <fai-a k denote the right-hand side of (2.8). Set 

(2T7a) r n ■= <-« k - C-iX- 

Then (2.8) is equivalent to 

(2T7b) = r n - 

Differentiating this expression one calculates 

= d<... Qfe = Carf^" 

We now prove the lemma. Recall that {u a }™ =1 form a basis of g_ C Ql(V) satisfying 
■u a .vo = v a . Therefore, {Ad g (u a )}™ =l form a basis of Ad 9 (g_) satisfying Ad g (u a ).vo = 
v a . When restricted to Q the Maurer-Cartan form takes values in q and forms a 
coframing. So we may define vector fields u a on Q by ou g . v (u a ) = Ad g (u a ). Given 
u = u g = Ad g (u ai ■ ■ -u ak ) G Ad g U k (g_), it suffices to show 

(2-18) C,-a, = -(u^)ff. 

We first show that (2.18) holds for k — 1. For this case we take u = Ad g (u a ). We 
have ip£ = u£ - r^u^ and ip% = u£. Thus ip% A Uq = -dw^ = |[w,w](^. Applying 
u a j yields — ip£ = [Ad g (u a ), oj]q = (Ad g (u a ).u>)Q. This establishes (2.18) for k — 1. 

For the general case note that the definition of Vai-a fc implies m^j Vai-a fc = r ai-a k p m 
Therefore, V ai ... akP = -up-id^...^. If (2.18) holds, then (2.4) yields 

d-a fc /3 = M/3jd(u.w)^ = -±u j9 j(u.[a;,a;]){f = -(u.^jw.w]^ 
= -(u.(Ad 9 (w^).w))^ = -(Ad ff (« ai ---« afc « j9 ).a;)^, 
establishing (2.18) for fc + 1. □ 
Corollary 2.19. T/ie coefficients of the Fubini forms are constant on Q C Tz- 

Proof Given g E G, \et L g : Q ^ Q denote the map v \-± g • v. The left-invariance 
of the Maurer-Cartan form is the statement (L g )*oo = u. Similarly, the map u : Q — > 
U(q) given by g ■ v i->- u g = Ad g (u ai ■ ■ -u ak ) transforms as (L g )*u = u. It follows 
from (2.18) that (L 9 )*<... Qfc = <„. afc . 

To see that the coefficients of F 2 are constant, set k — 1. Equation (2.6) and the 
left-invariance of u imply that the r^p are constant. The corollary now follows from 
(2.8) by induction on k. □ 
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Definition 2.20. Let X C PV be a variety. We say X agrees with G/P ^ PV to 
order k if there exists a sub-bundle Tx C J~x, defined over the general points of X, 
on which the coefficients f of the Fubini forms satisfy f = r\g for all j < k. 

We say G / P is Fubini- Griffiths-Harris (FGH) rigid at order k if agreement 

to order fc implies that X is projectively equivalent to G/P. 

3. The graded Fubini system of G/P ^ PV 

3.1. The grading element. With our choices of Borel and Cartan subalgebras b D 
h, a parabolic subalgebra p = p(J) determines a grading element E = E(p) e f) as 
follows. Let {-Ei, . . . , _E r } be the basis of f) that is dual to the simple roots. Define 

E = E(p) := Y. E i- 

Every g-module M decomposes into a direct sum M = © M d of E-eigenspaces of 
eigenvalue d e Q. Call this direct sum the E-graded decomposition of M, and t/ie 
component of M of E-graded degree d. In the case that V is an irreducible g-module of 
highest weight n G f)*, the decomposition is V = Kt(e)©K-(e)-i©K-(e)-2©- • -©V-tt^e), 
with 7r* the highest weight of the dual module V*. In general, < 7r(E) e Q. 
The E-graded decomposition of g 

(3.1) = a © • ' ' © 01 © 00 © 0-1 © • • • © S-a , 

satisfies < a e Z, and is compatible with (2.11). That is, the component of E-graded 
degree is the reductive Lie subalgebra O of (2.11), + = ®d>oQd and 0_ = ®d>oQ-d- 

3.2. Graded Fubini forms. In this section we consider the Fubini forms of G/P 
PV at v G Q. The choice of Cartan and Borel subalgebras h, C b C determines a 
splitting 

(3.2) V = L © T © N 

of the filtration L := L Q C TLjZ C V. There exist natural identifications 

(3.3) T Q Z = T © L* = 0_ , iV Z = N © L* . 

As a o -module, N admits a decomposition into E-eigenspaces N = N 7r ( E )_ 2 © • • • © 
N-7t*(e), where 7r is the highest weight of V and — n* is the lowest. Note that L is an 
eigenline with eigenvalue 7r(E). So 

N © L* = (N©L*)_ 2 © ••• © (N©L*)_ q 

where q = (ir + 7r*)(E). Similarly, the symmetric algebra admits a E-graded decom- 
position 

Sym*0+ = 0Sym d 0+. 

d>0 
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For example, Sym g+ = C, Sym 1 + = g 1} 

Sym 2 g+ = 02 © Sym 2 gi , Sym 3 g+ = g 3 © (g 1 © g 2 ) © Sym 3 gi , 

cf. (3.1). Note that we index the E-degree by a subscript and the polynomial degree 
by a superscript. 

3.3. The graded Fubini system. Corollary to Lemma 2.15 we have 

Corollary 3.4. The component of F v in (N © L*)_ s © Sym d g + vanishes if s ^ d. 
Equivalently, F v (Sym d g + ) C (N © L*)_ rf . 

Definition 3.5. Let denote the component of the Fubini form F v taking value in 
(N © \-*)-d © Sym d g + . We call F d the graded Fubini form of G/P ^ PV of graded- 
degree d. 

Definition 3.6. Let X C PV be a variety. We say X agrees with G/P °->- PV to 
graded- order d if there exists a sub-bundle Tx C Tx, defined over the general points 
of X, on which the coefficients f of the Fubini forms satisfy ^a r .. Qfe = *ai-a k for 
all coefficients r£ r of the graded Fubini forms F c of G/P PV with c < d (cf. 
Definition 3.5). 

We say G/P ! — >■ PV^ is graded- Fubini- Griffiths-Harris (graded-FGH) rigid at graded- 
order d if agreement to graded-order d implies that X is projectively equivalent to 
G/P. 

Theorem 3.7. Let G be a complex semi-simple Lie group with irreducible represen- 
tation V of highest weight n. Let G/P ^ PV be a homogeneous embedding, and E 
the grading element associated to P. Set q = 7r(E) + 7r*(E) ; with it* the highest weight 
ofV*. 

(a) If no factor of G/P corresponds to a quadric hyper surf ace or A r /Pj, with 1 or r 
in J, then G/P ^ PV is graded- Fubini- Griffiths- Harris rigid at graded-order q. 

(b) If no factor of G/P corresponds to A r /P 3 , with 1 or r in J, then G/P ^ PV is 
graded- Fubini- Griffiths-Harris rigid at graded-order q+ 1. 

Theorem 3.7 is proved in Section 4. 

Example (Adjoint varieties). In the case that G is simple and G/P C Pg = PV n is an 
adjoint variety the highest weight n is the highest root. Let {tti, . . . , n r } denote the 
fundamental weights of g. Then 

g sl r+1 so sp e 6 e 7 e 8 f 4 g 2 



7T 



7Ti + 7T r 7T 2 2t\\ 7T 2 TX\ 7T 8 7Ti 7T 2 

In each case q = 4. If g ^ si, then Theorem 3.7(a) applies: these adjoint varieties are 
graded-FGH rigid at graded-order 4. Compare this with [10, Prop. 5.2]. If g = s(,+i, 
then Proposition 4.10 and [10, Lemma 7.3] imply the adjoint variety is graded-FGH 
rigid at graded-order 4, if r > 2; and at graded-order 5, if r = 2. 
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4. Proof of Theorem 3.7 
4.1. The kernel t Given C = CfcVj <g> v fe G set 

Cn^l* := Co v ^ ® v °- 
Definition 4.1. Define t := {C G fll(V) | (u.C)n®l* = V u G Sym'g_} . 
Since w is g- valued on it is an immediate consequence of Lemma 2.15 that 
(4.2) get. 
Lemma 4.3. The vector space t is a g-module. 

Given an algebra a, with universal enveloping algebra U(a), we will make use of 
the Poincare-Birkoff-Witt identification U(a) = Sym'a. 

Proof. To see that t is an g_-module, let A G 0_ and ( G I. Given u G U(q-), write 
u.(A.() = u'.( with u' = uA G U(q^). Then A£ G t follows from the definition of t. 

To see that t is an g> -module, let E G $j>o- As above, we have u.(E.() = e s u s .( 
where u s G U(q ) and x s G t/(g>o)- The preimage of N Cg> L* under e s G t/($J>o) is 
contained in N ® L*. By definition of t, we have (u<,.£) N(gl |_* = for all /i. This yields 
[u.(£'.C)]N(giL* = (e s u s .() N(g)L * — 0- Thus E.( G £, and £ is a $j> -module. □ 

Lemma 4.4. The kernel £ is a subalgebra of q[(V). 

Proof. Let [t,t] = span{[£,£] | £, £ G I}. In order to show that t is a subalgebra, we 
must show that (u.[t, t])i\i(g>L* = for all u G Sym'g_. Let «6g_ and C,£ G I Then 

«•[££] = [«, [Ceil = [C, + K, KC]] • 

By Lemma 4.3 both [£, u] and [u, (} lie in t. Thus t] C [t, £]. Inductively, u.[t, I] C 
[6, t] for all u G Sym*g_. So, to prove the lemma, it suffices to show that 

(4.5) MW = 0. 

Given ( G gl{V), note that ( mL * = if and only if C(L) C L © T. Since L © T = 
0< O (L), this is is equivalent to the existence of (' G g< such that £(L) = C'C-)- Let 

= [c,ei(L) + rc(L)-K,ci(L)-ce(L). 

By Lemma 4.3, [(,£'] and [£,('] are elements of I. Thus, [(,£'] (L) - [£,'C]( L ) G L © T. 
Also, 

£'C(L) - C'£(L) = £'C'(L) - Cr(L) = K'.CKL) C L©T 
since [£' , C'] e 0< o - Thus [C,£]( L ) C LffiT. It follows that [t,*](L) C L©T, establishing 
(4.5) and the lemma. □ 

Let K C GL(V) be the connected subgroup with Lie algebra 6. Then the action of 
K preserves Z. Define K, := K ■ v. From Definition 4.1 and Lemma 2.15 we deduce 
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Lemma 4.6. /C is the maximal connected sub-bundle of Tz, containing Q, on which 
the coefficients of the Fubini forms are constant. 

A corollary of Lemmas 4.4 & 4.6 is that K D G is the maximal connected subgroup of 
GL(V) preserving Z. Let Go C K be a maximal semi-simple subgroup of K containing 
G. Then G/P = G /Po where P is the parabolic subgroup of G stabilizing the line 

Without loss of generality we assume that G = Gq. 

Remark. By [2, 14], when G is simple, we have G = G with the following excep- 
tions: 

o C n C A 2n _i and Z = CP 2 "" 1 ; 
o G 2 C B 3 and Z C CP 6 is the quadric hypersurface; 
o B r C -D r +i and Z ~ B r /P r = D r+1 /Q r+1 is the Spinor variety. 
From Table 1, we see that taking the larger group Go, yields the smaller value for q. 

4.2. Filtered systems. In order to prove Theorem 3.7 we will realize the bundle Tx 
of Definition 3.6 as an integral manifold of a filtered Pfaffian system Filt p+ 2(0- , 0< p ) 
whose rigidity (cf. Theorem 4.10) is studied in [10]. 

Definition 4.7. Let S be any manifold equipped with a filtration of its cotangent 
bundle 

{0} = t: c t; +1 c t; +2 c ••• c t;_, c t; = t*e, 

a < b e Z. By convention T* = {0} for all c < a, and T* = T*S for all c > b. 
Let I C J C T*S be sub-bundles of constant rank. The filtration of T*S induces 
nitrations of / and J. Let < r 6 Z. Integral manifolds M of the r -filtered Pfaffian 
system Filt r (J, J) are the immersed submanifolds i : M — > S such that 

i*(/ c ) = mod i*(J c _ r ) , 

for all c, and = T*M (the independence condition). 

Remark. The classical Pfaffian systems (/, J) are given by taking the trivial filtration 
of T*S (that is, b - a = 1) and r = 1. 

We now construct a filtered Pfaffian system on GL(V) as follows. Fix a g-module 
decomposition 

W = © 0^ . 

Let 

= ©S=-afld> 0^ = ©L- q 0d and = ©^ = _ q 0l(^) d 

denote the E-graded decompositions. Define a filtration 

{0} C r q)Id C ••• C T q * Id = T* d GL(V) 

of the cotangent space by 

T* Id = Ann(© d>c0 l(\/),). 
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Extend this to a filtration of the cotangent bundle T*GL(V) by setting T* A = 
L A *(T* M ) for A E GL(V). Given p e Z, let / C J C T*GL(V) be the 'sub- 
bundles framed by u a ± and w a x + w„ , respectively. In a mild abuse of notation, 

let Filt r (g_ , g< p ) := Filt r (J, J) denote the corresponding filtered Pfaffian system on 
GL(V). 

Remark. Any integral manifold of the filtered system Filt r (g_ , g< p ) may be identified 
with an integral manifold of a linear Pfaffian system as follows. Let g ± <E> 0+ = 
®d (d ± <8> Q+)d be the E-graded decomposition. Define 

S r = GL(V) x (0 ± ® 0+ )> r . 

Let A be coordinates on (g- 1 <8> g+)> r , and write A = (A q , . . . , A_ q ), where \ s denotes 
the coordinates on gjr ® g> r _ s . Keeping in mind the identification g + — define a 
linear Pfaffian system on S r defined by 

(4.8) = u Q ± — \ s (u 3 _) , foralls<p, 

with independence condition 

Q = A • • • A u™ . 

Any integral manifold M of Filt r (g_ , g< ) lifts uniquely to an integral manifold (4.8). 
Conversely, any integral manifold of (4.8) is locally the lift of an integral manifold of 
the filtered system. 

Definition 4.9. The system Filt r (g_ , $j< p ) is rigid if, for any connected integral man- 
ifold M C GL(V r ), there exists A e GL(V) such that L A (M) C Q. In particular, if 
M is a sub-bundle of T x for some variety IcPK, then A- X C Z ~G/P. 

The filtered system Filt p+2 (f(- , 0< p ) is denoted by (I f p , Q) in [10].* 

Theorem 4.10 ([10, Theorems 1.7 & 7.2]). Le^ G be a complex semi-simple Lie group 
and G/P ^ FV be a homogeneous embedding. 

(a) If no factor ofG/P corresponds to a quadric hypersurface or A r /P 3 , with 1 or 
r in J, then the system Filti(g_ , 0<_i) is rigid. 

(b) If no factor of G/P corresponds to A r /P 3 , with 1 or r in J, then the system 
Filt 2 (g_ , g< ) is rigid. 

Theorem 3.7 will follow from Theorem 4.10 and the following 

Proposition 4.11. Fix p > —q, and set d = q + p + 1. Let X C PV , and suppose 
that X agrees with G/P ^ PV to graded-order d. Let Tx C Tx be the sub-bundle of 
Definition 3.6. Then Tx is an integral manifold o/Filt p+ 2(g- , g< p )- 

*Be aware that the definition of an r-filtered Pfaffian system in this paper differs slightly from 
that in [10]. As a consequence (4,0) is a "(p + l)-filtered system" in [10], but a "(p + 2)-filtered 
system" here. 
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In particular, if the filtered system is rigid, then G/P FV is graded- Fubini- 
Griffiths-Harris rigid at graded- order q + p + 1. 

Proof. Let 

IGO = [(V) q © • • • © 0[(V)_ q , q = vr(E) + vr*(E) 

be the E-graded decomposition. Let w s denote the component of u taking value in 
gl(V) 8 . By Definition 4.1, the equation u g ± = is equivalent to 

= (u . cj s )n®l* for all u G Sym*$j_ . 

If u G Sym < _ ( - s+q - ) 0_, then u . uo s G gl(l / )<_ q = {0}; thus, the equation = (u . w s )n®l* 
is trivial. In particular, 

= (u.w) N8L . VuGSym>_ (s+q) g_ =>■ w 3 ± = . 

It follows from Lemma 2.15 and inspection of (2.8) that, in order to impose u g ± = 0, 
it suffices to specify the Fubini forms up to graded-order s + q + a, cf. (3.1). 

Upon closer inspection of (2.8), we see that specifying the Fubini forms up to 
graded-order s + q + £, with 1 < £ < a, yields u s ± = s(ou s _. e+1) + • • • + u) g _J for 
functions q taking value in $jr © ($e+i © ' ' ' © 0a)- Comparing with (4.8), we see that 
Tx is an integral manifold of the system Filt p+2 (0- , 0< p )- □ 

5. An invariant description of the Fubini forms for G/P <— > FV 

In this section we give the invariant description of the Fubini forms that was 
promised in Section 1.4. 

5.1. Fubini forms. Given x G FV, let x C V denote the corresponding line. Let 
X C FV be a projective variety and let x G X be a smooth point. The line bundle 
with fibre L x = x over x G X is L = O x (—l)- The quotient map V* — > V*/Ann(x) = 
CW(l)z gives rise to a sequence of maps defined as follows: Let m x C 0^v,x denote the 
maximal ideal of functions vanishing at x to first order. Recall that T*X := ra x /xn x . 
More generally, Sym fc T^X = m x /m x +1 . 

Let F° : V* ->■ O x ,x(l)/m x (l) and Fj. : ker(F°) -> m :c (l)/m^(l) denote the nat- 
ural projection maps. Define : ker(Fj! _1 ) — > m^(l)/mj; +1 (l) inductively. Set 
^^(1) = ker(F^ 1 ). The k-th fundamental form (twisted by O x (l)) is the in- 
duced map 

F^ : N* kiX X(l) Sym fe T;X(l). 

The fundamental forms are well defined tensors at each smooth point of X, and are 
a subset of the Fubini forms. They describe how X is infinitesimally moving away 
from its (k — l)-st osculating space ff _1) X : = (A^*(l)) x C V at order k. 

Recall the osculating sequence (2.10). Let (x°, x M2 , . . . , x flf ) be local coordi- 
nates on FV adapted to the osculating filtration at a general point x. The x^ 1 
represent tangential coordinates, and we distinguish them by replacing the index p x 
with a. Locally X is a graph over its tangent space at x. The x^ (x a ) have a Taylor 
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series beginning at order j, and the coefficients of the j-th fundamental form are the 
leading terms of the Taylor series. The other terms in the Taylor series contain geo- 
metric information but do not lead to such clearly defined tensors on X. Rather they 
lead to the Fubini forms F k e $ym k T*X ® N X X, a sequence of relative differential 
invariants which are defined on the bundle Tx of first-order adapted frames. 

Remark. It is possible to define a tensor on X that contains essentially the same 
information of the fc-th Fubini form. One uses the fc-th fundamental form of the 
(k — l)-st Veronese re-embedding of X. See [11] for details. 

5.2. Fubini forms of G/P c — > PV. The universal enveloping algebra U(g) = 
0®/{£ <S> C ~ C ® £ ~ [£)C]} inherits a filtration from the tensor algebra. Let U(g) k 
denote the k-th term in this filtration. 

The fundamental forms may be described by a commutative diagram as follows. 

o The osculating spaces of Z at o = [vo] are f [ o ] Z = U(g) k .v . Complete v to 

a basis v = (v ,...,v n ) of V. Let (v°, ...,v n ) denote the dual basis. Define 

U(g) ->■ f (fe) Z (g L* Q by u ^ (u.v ) <g> v°. 
o The normal space of Z at o is N Z = (V/T Z) ® L*, and the fc-th normal space is 

N k Z = (f (fe) Z/f (fc_1) Z) ® L*. Let T D (fe) Z ® L* — )• V fe Z be the induced quotient 

map. 

o The Poincare-Birkoff-Witt theorem and the identification g — > g/p = T Q Z define a 
map U(g) k -)■ Sym fc (T Z). 

The resulting diagram below is commutative and characterizes F fc , cf. [13, Proposition 
2.3]. 

U(g) k {T^ k) Z)®L* 

I I 

Sym k (T Z) — iV D fc Z 

This observation may be generalized to the Fubini forms of Z as follows. Assume 
the frame v = (v , . . . , v n ) e Tz over o = [v ] selected above respects the splitting 
(3.2). Define a map 

U{gf' x -> (y ® \/*) ® (V (8) \/*) 

(5.1) 

by u h-> (u.(Vj ® v J )) ® (vj ® v J ) . 

Here and throughout, repeated indices are to be summed over. Because (vj <g> v- 7 ) <g> 
(vj ® v*) = Id G End(End(y)), the map (5.1) is independent of the choice of basis v. 
The splitting (3.2) induces a projection 



(V®V*) (g) (V (g) V*) -)• (N <g L*) ® (L ® T*) 
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As an element of N Z © Sym fc+1 (T *Z), the (jfe + l)-st Fubini form may be viewed as a 
map Sym k T Z -» {N Z) © (T*Z). Finally, making use of (3.3), the Fubini form may 
be considered as a map F k+l : Sym fc (T <8> L*) ->■ (N © L*) © (L <8> T*). 

Proposition 5.2. Let G/P C be a homogeneously embedded rational homoge- 
neous variety and let o = [Id] G G/P. Given a choice fr, C b C o/ Cartan and 
Borel subalgebras of g, let V = L © T © N fre £/ie induced splitting (3.2), and v G J 7 ^ 
a fraszs o/ V respecting the splitting. The diagram below commutes and characterizes 
the (k + l)-st Fubini form at v G J-^. 

f^(fl) fc * (V © V*) © (V © V*) 

I I 

F k+1 

Sym fc (T © L*) v - * (N © L*) © (L © T*) 

Proof Corollary 3.4 yields a substantial simplification of (2.8) on Q. Write 

u = i] + u p , 

where 77 and u> are respectively the jj_ and p-valued components of the jj-valued 
Maurer-Cartan form. Note that Uq = t/q . It follows that the u p terms on the left-hand 
side of (2.8) must all cancel. This, along with Corollaries 2.19 & 3.4, yields 

( 5 - 3 ) C-a^O = -C.aX + fcr £(a 2 ...aXi) 011 0- 

This equation yields the inductive formula (5.4) below as follows. 

We assume that v respects the decomposition (3.2). Let v* = (v°, . . . , v ra ) denote 
the basis of V* dual to v. Then {v a := v a © v°}™ =1 spans T © L* ~ T Q Z, and 
{y^ := v M © v°}" =m+1 spans N © L* ~ N Q Z. Let {v a := v © v Q }™ =1 denote the dual 
basis of L © T*, and set v" 1 '" * = y" 1 o • • • o v°* G Sym fe (L © T*). Then 

F y k = <... afc y M ©y Ql - afc G (N © L*) © Sym fe (L © T*) . 

Observe that the terms appearing on the right-hand side of (5.3), at v G Q, are 
precisely the coefficients of i].F k . Applying the operation upj to (5.3) yields 

(5.4) F k+l = {u p .F k )ovJ. 
Equation (2.16) asserts that 

(5.5) F v 2 = (Ku^.vo)" v M ©y^, 

where ((-u a -ug).vo) M denotes the v M coefficient of (u a up).vo G V with respect to the 
basis v. An inductive argument with (5.5) and (5.4) yields Proposition 5.2. □ 



FUBINI-GRIFFITHS-HARRIS RIGIDITY 



17 



References 

[1] S. S. Chern and J. K. Moser. Real hypersurfaces in complex manifolds. Acta Math., 133:219-271, 
1974. 

[2] E. B. Dynkin. Maximal subgroups of semi-simple Lie groups and the classification of primitive 
groups of transformations. Doklady Akad. Nauk SSSR (N.S.), 75:333-336, 1950. 

[3] Guido Fubini. Studi relativi all'elemento lineare proiettivo di una ipersuperficie. Rend. Acad. 
Naz. dei Lincei, pages 99-106, 1918. 

[4] Phillip Griffiths and Joseph Harris. Algebraic geometry and local differential geometry. Ann. 
Sci. Ecole Norm. Sup. (4), 12(3):355-452, 1979. 

[5] Jun-Muk Hwang and Keizo Yamaguchi. Characterization of Hcrmitian symmetric spaces by 
fundamental forms. Duke Math. J., 120(3):621-634, 2003. 

[6] Thomas A. Ivey and J. M. Landsberg. Cartan for beginners: differential geometry via mov- 
ing frames and exterior differential systems, volume 61 of Graduate Studies in Mathematics. 
American Mathematical Society, Providence, RI, 2003. 

[7] Bertram Kostant. Lie algebra cohomology and the generalized Borel-Weil theorem. Ann. of 
Math. (2), 74:329-387, 1961. 

[8] J. M. Landsberg. Griffiths-Harris rigidity of compact Hermitian symmetric spaces. J. Differen- 
tial Geom., 74(3):395-405, 2006. 

[9] J. M. Landsberg and C. Robles. Lines and osculating lines of hypersurfaces. J. Lond. Math. 
Soc. (2), 82(3):733-746, 2010. 
[10] J.M. Landsberg and C. Robles. Fubini-Griffiths-Harris rigidity and Lie algebra cohomology. 

Asian J. Math, to appear, arXiv:0707.3410v2. 
[11] Joseph M. Landsberg. Differential-geometric characterizations of complete intersections. J. Dif- 
ferential Geom., 44(l):32-73, 1996. 
[12] Joseph M. Landsberg. On the infinitesimal rigidity of homogeneous varieties. Compositio Math., 
118(2):189-201, 1999. 

[13] Joseph M. Landsberg and Laurent Manivel. On the projective geometry of rational homogeneous 

varieties. Comment. Math. Helv., 78(1):65-100, 2003. 
[14] A. L. Oniscik. On compact Lie groups transitive on certain manifolds. Soviet Math. Dokl., 

1:1288-1291, 1960. 

[15] C. Robles. The adjoint variety of SL m+ iC is rigid to order three. Differential Geom. Appl, 
26(6):683-696, 2008. 
E-mail address: jml@math.tamu.edu, robles@math.tamu.edu 

Mathematics Department, TAMU Mail-stop 3368, College Station, TX 77843-3368 



